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Using a superpos i t ion  method we cons t ruc t  a solution of the mul t id imensional  p rob lem of the 
s t e ady - s t a t e  fusion r e g i m e  of semibounded sol ids .  The solution of the p rob lem is r educed to  
a genera l i zed  Fredholm in tegra l  equation of the f i r s t  kind. A method is given for  solving the 
in tegra l  equation for  plane p rob l ems  by convert ing to a l inear  s y s t e m  of a lgebra ic  equations.  

The p r o b l e m  of the t e m p e r a t u r e  dis t r ibut ion in a solid when the mel ted  phase  moves  away f rom the 
su r face  of the solid is invest igated,  and the law of motion of the fusion boundary is a var ian t  of the Stefan 
p rob l em.  Such a p rob l em  a r i s e s  in the study of the laws of fusion of bodies subjected to the flow of a hot 
gas  or  liquid pas t  them.  

One-dimensional  nonsteady and s teady Stefan p rob l ems  have been sufficiently comple te ly  invest igated.  
A rev iew of these  s tudies  and the pr inc ipa l  r e s u l t s  a r e  g iven  in [1]. Cons iderable  ma themat i ca l  difficult ies 
a r i s e  in the solution of the non-one-d imens iona l  S t e f anp rob l ems .  At p re sen t  the re  a r e  no analyt ical  solu-  
tions for mul t id imensional  p r o b l e m s  with phase  inc remen t s ;  only numer ica l  methods of solution of s i m i l a r  
p rob l ems  have been developed [2]. 

1. We a s s u m e  that  the body fuses along its s u r f a c e s .  The t e m p e r a t u r e  U on the su r face  Z of fusion 
of the solid equals the t e m p e r a t u r e  of the phase  t rans i t ion ,  which will be a s sumed  equal to zero:  

U(x,  y; z, t)i.~ = 0 .  (1.1) 

In the in te r io r  points of the solid the t e m p e r a t u r e  can be l ess  than or equal to the t e m p e r a t u r e  of the 
phase  t rans i t ion :  

U(x, y, z, t).~ O. (1.2) 

The heat  q supplied to the body f r o m  the external  hot flow is used in heating the body to the melt ing 
point and for  the t r ans i t ion  of the solid phase  into the liquid phase  

q = QV~, - -  ~SU/On ! z. (1.3) 

For  act ive  fusion, the veloci ty  Vn is posi t ive,  i . e . ,  

V,~ > 0. (1.4) 

We add the following initial  condition to the boundary conditions (1.1) and (1.3): 

u (x, u, z, 0 ) =  [ (z, u, z)  (1.5) 

We wri te  the heat  equation in the f o r m  

OU / O'2U 8~U O~U 
-Ox; - : -  (1.6) at au ~ az ~ ) 

We cons ider  the p rob lem of the s t e a d y - s t a t e  fusion r e g i m e  for  a solid.  We a s s u m e  that for  a t ime  
suff icient ly fa r  f rom the initial t ime  the re  exis ts  a noninert ial  moving coordinate  s y s t e m  (x*, y* ,  z*) in 
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which  the  hea t  f lux  q, the  f o r m  of the  fus ion  s u r f a c e  s  
a l s o  the  t e m p e r a t u r e  of  the  po in t s  of the  so l i d ,  do not  depend  on the  t i m e .  
f u s i o n  r e g i m e  in g e n e r a l  is  p o s s i b l e  only fo r  s e m i b o u n d e d  t a p e r e d  b o d i e s .  
i s k s  (x*,  y * ,  z* ) ,  t he  p r o b I e m  t a k e s  t he  f o r m  

6"U O2U ) -;- V o - - < -  = O, 
a Ox ~- Ob a az 2 oz 

U(x, g, z) l~.=O, U(x, y, z ) < O ,  

q = OV~ - -  ~aU/an !x, V,, ~ O. 

and its velocity of translational m o t i o n  V0, and 
It is evident that a steady-state 
Dropping the superscript aster- 

(1.7) 

(1.8) 

(1.9) 

H e r e  the  d i r e c t i o n  of  the  z ax i s  c o i n c i d e s  wi th  the  d i r e c t i o n  of t r a n s l a t i o n a l  m o t i o n  of t he  mov ing  co -  
o r d i n a t e  s y s t e m .  I n s t e a d  of i n i t i a l  cond i t ion  (1.5) we s e t  t h e  cond i t i on  a t  i n f in i ty  

U(x, y, z)-+U~r a s  r~--,oo. (1.10) 

P r o b l e m  (1.7)-(1.10)  has  two f o r m u l a t i o n s :  a) b a s e d  on a g i v e n  f o r m  of the  fus ion  s u r f a c e  E, i t s  
v e l o c i t y  of m o t i o n  V0, and t e m p e r a t u r e  a t  in f in i ty  U~o, we m u s t  d e t e r m i n e  the  t e m p e r a t u r e  f i e ld  a t  the  
s o l i d  p h a s e  and the  hea t  f lux  q; b) b a s e d  on the  g i v e n  h e a t  f lux  q and t e m p e r a t u r e  a t  in f in i ty  Uoo, we m u s t  
d e t e r m i n e  the  t e m p e r a t u r e  f i e ld  a t  the  s o l i d  p h a s e ,  the  f o r m  of the  fus ion  s u r f a c e  B, and  i t s  v e l o c i t y  of 
t r a n s l a t i o n a l  m o t i o n  V 0. 

2. So lu t ion  fo r  s t e a d y - s t a t e  fus ion  r e g i m e .  We f i r s t  c o n s i d e r  the  p l a n e  p r o b l e m  in the  (y, z) co -  
o r d i n a t e  s y s t e m .  We i n t r o d u c e  the  no ta t ion  

(2 . i )  = z s inO- -ycosO.  

The  g e o m e t r i c a l  s e n s e  of the  quan t i t y  ~ is  the  d i s t a n c e  h -om the  po in t  (z, y) to the  l ine  ~ = O. 
p o s i t i v e  d i r e c t i o n  of the  l ine  ~ = 0 is  c h o s e n  so  tha t  ~ > 0 on the  r i gh t ,  and ~ < 0 on the  lef t .  

We  wi l l  s e e k  a p a r t i c u l a r  s o l u t i o n  of Eq. (1.7) in the  f o r m  

U (z, y) = U (~) = C~ exp ( - -  a~) : -  C:. 

Subs t i t u t i ng  (2.2) in to  (1.7), we ob ta in  

= (V0 sin O)/a. 

Thus ,  fo r  the  p a r t i c u l a r  s o l u t i o n  we have  the  equa t ion  

(2.2) 

(2.3) 

The  

form 
Let C i = C(0); 

U = C~ exp ( - -  ~V 0 sin O/a) -~- C v (2.4) 

then ,  u s i n g  the  s u p e r p o s i t i o n  p r i n c i p l e ,  we can  w r i t e  the  s o l u t i o n  of Eq.  (1.7) in the  

C~z n 

U =  U~[I--,[ C(O) exp[.--q(O)]dO--~ C, e x p ( - - q z ) i ,  

~ i=L ( 2 . 5 )  

q (0) = sin 0 (z sin 0 - -  y cos O) VUa. 

F o r  0 = 0 o r  O = = the  p a r t i c u l a r  s o l u t i o n  (2.4) d e g e n e r a t e s  to a cons t an t ;  t h e r e f o r e ,  t he  v a l u e s  8 
= 0 and 0 = ~ can  be  e l i m i n a t e d  f r o m  the  s o l u t i o n  (2.5). Thus ,  the  l i m i t s  of i n t e g r a t i o n  a I and a2,  and 
a l s o  the  a n g l e s  0 and 0i in the  s o l u t i o n  (2.5) shou ld  not a s s u m e  the  v a l u e s  0 and u. And s i n c e  r}(0) = rl(~ 
+ 0), wi thout  l o s s  of g e n e r a l i t y  in the  i n v e s t i g a t i o n s  we can  a s s u m e  tha t  the  l i m i t s  of v a r i a t i o n  of the  
a n g l e s  a l ,  a2 ,  and 0i a r e  con ta ined  on the  i n t e r v a l  (0, rr). 

S a t i s f y i n g  cond i t ion  (1.8), we f ind the  equa t ion  fo r  the  fu s ion  s u r f a c e  

o~ (v, z) = [ c (0) exp ( - - q  (0)) dO < ~r C~ exp (-~1~) - I. (2.6) 

We ob ta in  fo r  the  h e a t  f lux  f r o m  (1.9) the  equa t ion  

Q v 0 r  + 2 - v . : - - - - q  for (1)=1.  (2.7) 

We c o n v e r t  to  the  c o n s t r u c t i o n  of  a s o l u t i o n  of the  p r o b l e m  in the  f o r m u l a t i o n  a) .  In th i s  c a s e  the  
equa t ion  of the  s u r f a c e  s is  a s s u m e d  to be known and have  the  p a r a m e t r i c  f o r m  

z = h (s), ~ j~  f~ (s) (2.8) 
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Subs t i t u t ing  (2.8) into (2.6), we a r r i v e  a t  t he  g e n e r a l i z e d  F r e d h o l m  i n t e g r a l  equa t ion  of the  f i r s t  k ind  
in  the  func t ions  C(0) and Ci:  

52 

51 

(2.9) 

i = l  - 

F r o m  (2.7) we f ind the  h e a t  f lux q, and f r o m  (2.5) we f ind the  t e m p e r a t u r e  f i e ld .  If the  p r o b l e m  is  
s o l v e d  in  the  f o r m u l a t i o n  b),  t hen  in o r d e r  to  f ind Ci,  C(0), and V 0 f r o m  (2.7) we a r r i v e  a t  the  n o n l i n e a r  
i n t e g r a l  equa t ion  (2.7), w h e r e  ~ y  and @z have  the  f o r m  

q)y = j" C(O)sinOcosOexp[--~l(O)ldO + Cisin0icos0~exp(--~l~), 
51 i - - I  

(2.10) 

q~ -~-- j" C(O)sin~Oexp[--~l(O)]dO-- C~ sin~"01 exp ( - -  ~h). 
51 i = 1  

H e r e  i t  i s  n e c e s s a r y  to  g ive  the  p o s i t i o n  of the  f ron t  poin t  of the  s u r f a c e  E o r  any  o t h e r  po in t .  We 
c o n v e r t  to the  s tudy  of the  p r o p e r t i e s  of t he  s o l u t i o n  (2.5). In s u b s e q u e n t  i n v e s t i g a t i o n s  we wi l l  a s s u m e  
tha t  the  a n g l e s  0i a r e  a r r a n g e d  in an  i n c r e a s i n g  s e q u e n c e  0 < 0i < 02 < . . .  < On < ~. We p r o v e  tha t  in (2.5) 
t he  s o l u t i o n  in t he  f o r m  of a f in i t e  s u m  (when C(0) = 0) fo r  Ci > 0 has  the  p r o p e r t i e s  A t - -A  5. 

A t.  The  two l i n e s  71 = In C1 and 7In = In Cn a r e  a s y m p t o t e s  to the  fus ion  s u r f a c e  E. 

A 2. The  s u r f a c e  E i n t e r s e c t s  none of the  l i n e s  7i  -- l n C i  (i = 1 . . . . .  n), and  a p p r o a c h e s  i ts  a s y m p -  
t o t e s  to the  r i g h t .  

A 3. Any  h a l f - l i n e  l d r a w n  f r o m  a po in t  of the  s u r f a c e  E on the  r i g h t  p a r a l l e l  to  the  z ax i s  be longs  
e n t i r e l y  to the  r e g i o n  of the  fu sed  body .  F o r  m o t i o n  a long  l in the  d i r e c t i o n  of i n c r e a s i n g  z, the  t e m p e r a -  
t u r e  U m o n o t o n i c a l l y  v a r i e s  f r o m  0 to  U~ .  

A 4. At  each  po in t  of the  s u r f a c e  E the  ang le  b e t w e e n  the  i n n e r  n o r m a l  and the  z ax i s  i s  acu te ,  i . e . ,  
i n e q u a l i t y  (2.8) i s  s a t i s f i e d .  

A 5. We c o n s i d e r  t he  two s o l u t i o n s  V t and U2 f r o m  (2.5), c o r r e s p o n d i n g  to  the  two s e t s  {C[} and{Ci '  } . 
Le t  C. = C . ,  0. = 0. fo r  1 ~ k ana  Wk tJk' Vk = ~k" Then  on the  (z, y) p l a n e  we have  U 1 > V 2 and the  fus ion  

I i I I 
surface E I will be located to the right of the surface E 2. In this ease the surfaces E l and E 2 do not inter- 

sect anywhere, and they have the same asymptotes. 

BI. If C 2 < 0 or Cn-t < 0, then the surface ~ approaches from the left the asymptotes 771 = In C 1 or ~n 

= InCn, respectively. 
n 

We prove the property A I. On the line 71 = InCl the function ~(y, z) =ECi exp (--7i) takes the values 
l=I 

cD(g, z)= 1 + ~ C, exp(--~]~)~ 1 when ~h =:]nCi- (2.11) 
i=2 

Since 0 < 01 < 0 i < ~ (i = 2...n), for motion along the line 71 = InCt in the positive direction the vari- 

ables 72 �9 �9 �9 7n increase without bound and $(y, z) -~ I. Hence we obtain the proof of property A I. As an 

explanation we note that for n >- 3 the line 72 = In C 2 cannot be an asymptote of the surface E because of the 

following reasons: on the line ~2 = InC2 for @(y, z) we will have the equation 

(D(g, z) = 1 -7 Ciexp(---~i ) + C~exp (--~). (2.12) 
i~=3 

The inequalities 0 <- e t < 02 < 0 i -< ~ insure that for motion along the line ~2 = in C 2 in the positive 

direction the variables 73 �9 �9 �9 ~n increase without bound, and ~I decreases without bound. For motion along 

the line 72 = inC2 in the negative direction the variables ~]~... ~n will decrease without bound, and 71 will 

inerease without bound, so that everywhere along the line 72 = InC2 we will have ~(y, z) > I. Hence, in 

particular, it follows that the surface E nowhere intersects the line ~2 = InC2. The surface E also does 
not intersect the asymptotes, which follows from the inequality in (2.11), and since on each line ~i = In Ci 

the inequality ~(y, z) > I is satisfied, we obtain the proof of property A 2. Let C 2 < 0. For motion along 
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the  l ine ~l = In C I in the  pos i t ive  d i r e c t i o n  the v a r i a b l e s  ~ a . , .  ~n i n c r e a s e  m o r e  r ap id ly  than ~2 (since 0 
<'02 < 0a < . . .  < On -< ~); t h e r e f o r e ,  fo r  a suf f ic ient  d i s t ance  f r o m  the  l ine ~a = In (--C2), when ~i >> ~72 (i 
= 3 . . .  n) the s ign  of  the  s u m  in (2.11) will be d e t e r m i n e d  by the s ign  of the p r inc ipa l  t e r m  C~ exp ( - -~)  < 0. 
Hence  we obtain that  fo r  ~l = I n e t  and ~i ~ ~ (i = 2 . . .  n), C2 < 0 the  funct ion ~(y,  z) < 1, i . e . ,  the s u r f a c e  
E a p p r o a c h e s  the a s y m p t o t e  ~l = in Ci f r o m  the teft  (p roper ty  B1). 

F o r  p roo f  of p r o p e r t y  A~ we d i f f e ren t i a t e  ~I,(y, z) with r e s p e c t  to the  coo rd ina t e  z:  

q ) _  V, ~Cisin~0iexp(_.~b)<0" (2.13) 
~ i--I  

Along  the  semibounded  l ine l ,  drawn  f r o m  a point  of the s u r f a c e  E p a r a l l e I  to  the z axis ,  with in-  
c r e a s i n g  z, the  v a r i a b l e s  ~i (i = 1 . . .  n) i n c r e a s e  without  bound, and it follows f r o m  the inequal i ty  ~z  < 0 
that  a long l the  funct ion ~, (y, z) v a r i e s  mono ton iea l Iy  f r o m  1 on ~ to 0 at  infini ty.  Hence  we have the  
p r o o f  of p r o p e r t y  A a. As a c o r o l l a r y  of p r o p e r t y  A a we obtain  the p roo f  of p r o p e r t y  At, s ince  if  the angle  
be tween  the inner  n o r m a l  and the z axis  is obtuse,  then the ha l f - l ine  t will not be long en t i r e ly  to the r eg ion  
of the fused body.  

We wr i t e  the  funct ions  ~;'l and ~2 c o r r e s p o n d i n g  to the  two solut ions  U 1 and U 2 f r o m  (2.5) in the f o r m  

�9 i ~ "~ C~ exp (--  lh) -:- C; exp (--  ~1~), 
i = l  
i ~  

(2.14) 
p. 

(I),: = ~ Ci exp ( - -  ~h) ~- C~ exp (--  q~). 
i = {  
i~-fe 

T II 
Let  C k > Ck; then  e~ I > ~2 and on the bas i s  of p r o p e r t y  A 3 the coord ina t e s  of  the  points  Ml and M a, 

be longing to the s u r f a c e s  E t and 22, r e s p e c t i v e l y ,  have the fol lowing p r o p e r t y :  f o r  Yl = Y: it is n e c e s s a r y  
that  zl > zg, which a l so  p roves  p r o p e r t y  A 5. 

We inves t iga te  the  so lu t ion  f r o m  (2.5) in the f o r m  of the sum of the in teg ra l  with finite sum.  In this 
ca se  C(0) and Ci should  be  d e t e r m i n e d  f r o m  the g e n e r a l i z e d  F r e d h o l m  in tegra l  equat ion  of the f i r s t  kind 

R2 

j" C (0) ext,. ( - -  ~t)d0-i- ~ C~ exp ( -  "q~) := 1. (2.15) 
CQ i ~ l  

It is known that  in Eq. (2.15) the unkno~a  funct ion C(0) can have the f o r m  

m@t~ 

C ( t h -  B(0}-!- "~ C~5(0--0~), (2.16) 
i = n  

w h e r e  B(0) is a funct ion that  is s u m m a b l e  and in teg rab te  in the s e n s e  of  Lebesgue  on the  in te rva l  [a 1, a 2] 
without  s ingu la r i t i e s  of 5 - func t ion  type,  5 (0- -  0i) is the D i r ae  del ta  funct ion.  Subst i tut ion of (2.16) into 
(2.15) leads  only to a change in the n u m b e r  of t e r m s  in the finite sum;  t h e r e f o r e ,  be low we a s s u m e  that  
C(0) in (2.5) and (2.15) is a funct ion that  is s u m m a b l e  and in tegrab le  in the  s e n s e  of Lebesgue  on the i n t e r -  
val  [a 1, a 2] without  s ingu la r i t i e s  of 5 - func t ion  type .  

We spl i t  the in t e rva l  of  i n t eg ra t ion  in (2.5) and (2.15) into p s m a l l  p a r t s  and we r e p r e s e n t  the  in tegra l  
equa t ion  (2.15) in the  f o r m  of the f ini te  s u m  

C* exp [ ( -  G (0)~)l A0, -:- %~ C~ exp [--  ~1 (0~)l = I. (2.17) 
h~| i = l  

The as te r i sk  in  (2.17) denotes that the mean value of the funct ion is taken on the appropr ia te  i n te rva l .  
S i m i l a r l y  to (2.17) we w r i t e  the so lu t ion  (2.5) in  the fo rm of a f in i te  sum, and we can then use the p rope r -  
t ies A1-A 5 and B 1. 

If c~ 1 < t~ 1 and Cl* > O, then  a c c o r d i n g  to p r o p e r t y  At, the l ine 

= = Jn ( .i' c (o) do) (2.1s) 

is  an  a s y m p t o t e  to the  s u r f a c e  (2.17). Conver t ing  to the  l imi t  in (2.18) fo r  A0 i --~ 0, we find that  C~A01 
-~ 0 and one of  the b r a n c h e s  of the  s u r f a c e  ~ will  not  have a s y m p t o t e s ,  and the angle  ~ l  wilt be the t imi t ing  
angle  of the  tangent  to this  b ranch ,  s ince  the  angIe  0 in the equat ion  ~ (0) = coas t  equals  the  angle  be tween  
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this  l ine and the z ax i s .  Let  0 i - ~ l  and C1 > 0. Then  f r o m  p r o p e r t y  A 1 it fol lows tha t  in the l imi t  as  A01 
0 the equat ion  of  the  a s y m p t o t e  to s u r f a c e  (2.17) has  the f o r m  

~1i = tn Ct. (2.19) 

Thus  we have p r o v e d  T h e o r e m  h 

If a 1 < 01 and C(~ l) > 0, then  one of  the b r a n c h e s  of the s u r f a c e  (2.15) does not have a s y m p t o t e s ,  and 
the l imi t ing  value  of the angle  be tween  the tangent  to  this  b r a n c h  and the z axis  equals  a l. If  0 i s a t ,  then 
the l ine (2.19) is an  a s y m p t o t e  to the Sur face  (2.15). 

In a s i m i l a r  way  we p r o v e  T h e o r e m  II :  

if  c~ 2 > O n and C(a  2) > 0, then  one of  the  b r a n c h e s  of the s u r f a c e  (2.15) does  not have  a s y m p t o t e s ,  and 
the l imi t ing  va lue  of  the  angle  be tween  the  tangent  to  this  b r a n c h  and the z axis  equals  a 2- If On = a z, 
then  the l ine ~n = l n C n  is an  a s y m p t o t e  to the  s u r f a c e  (2.15). 

Now, us ing  T h e o r e m s  I and II we can d e t e r m i n e  the  l imi t s  of in t eg ra t ion  a I and a2 in  (2.5) and (2.15) 
if  a I < 01 and ~2 > On, us ing  the equat ion  of the s u r f a c e  E in the f o r m  (2.8). When c~ 1 >- 01 and Ci > 0, as  
the  l ower  l imi t  of  i n t eg ra t i on  in (2.5) and (2.15) we can take  0i, a s s u m i n g  the unknown funct ion C (0) to  be 
equal to z e r o  on the in t e rva l  [0 l, a l ] .  We can p r o c e e d  s i m i l a r l y  in o the r  c a s e s :  when a 2 s O n or  when a2 
- On a n d a l  ~ 01. 

We obtain  the s i m p l e s t  so lu t ion  of the p r o b l e m  of the fus ion of an infinite wedge with apex  angle 20 o 
f r o m  (2.5) if we se t  C 1 = C2  = 1 / 2 ,  C(0) = 0 :  

U = U ~ o [ 1 - - e x p  ( - - ~  z s i n 2 0 o ) c h ( ~  gs]n20o) ] . (2.20) 

This  so lu t ion  c o r r e s p o n d s  to  the  c a s e  in which  fo r  a s t e a d y - s t a t e  p r o c e s s  of fus ion  of a wedge the 
equa t ion  of i ts  s u r f a c e  has  the  f o r m  

a Inch (-V~ y sin 20o'~ = z .  (2.21) 
V o sin ~- 0 o \ 2a j 

If the (xz) p lane  is a s y m m e t r y  p lane  of the s u r f a c e  (2.15), then the coef f ic ien ts  Ci, the angles  0i, 
and the funct ion C (0) should  have the  p r o p e r t i e s  

C (0) = C (~ - -  0), C i = C,~_~+l, 0 z = ~ - -  0,~_~+i. (2.22) 

We p r o c e e d  to  the  so lu t ion  of the in t eg ra l  equat ion  (2.15) fo r  C(0) and Ci. We cons ide r  (2.17) in- 
* such  that  O i and O k will  be long to  s t ead  of  (2.15). It is  obvious  that  fo r  each  angle  0i we find an  angle  O k 

the  s a m e  s m a l l  in te rva l ,  into which the  i n t e rva l  of i n t eg ra t i on  [al ,  a2] is divided.  We in t roduce  the  no-  
t a t ion  

C* exp [--  ~1 (0")] h0~ + C~ exp [--  ~ (0~)] = B~ exp [.-- ~l (0~*)]. (2.23) 

We note tha t  the n u m b e r  of t e r m s  in the second  sum of (2.17) is cons tant ,  and in the f i r s t  sum it de -  
pends on the pa r t i t i on  s tep  of the in t e rva l  [a i, a2].  T h e r e f o r e ,  g e n e r a l l y  speaking,  each t e r m  of the 
second  s u m  will c o r r e s p o n d  to a t e r m  of the f i r s t  sum a c c o r d i n g  to the s c h e m e  (2.23). T h e r e  ex is t s  s o m e  
t e r m  f r o m  the f i r s t  s u m  that  does not have  a c o r r e s p o n d i n g  t e r m  f r o m  the second  s u m  in (2.17). For  con-  
ven ience  we denote  such  t e r m s  f r o m  the f i r s t  sum in (2.17) as  

* 
C1~ A0 h = B k. (2.24) 

Now, us ing  (2.23) and (2.24), Eq.  (2.17) t akes  the  f o r m  
p 

X B~ exp [-- 11 (0,~*)1 = 1. (2.25) 

We recall that on the surface E the dependencies ~(0~) have the form 

~I (0k*) =V~ sin 0~ [[i (s) sin 0"-- [, (s) cos 0~]. (2.26) 
a 

The problem of finding Ci and C(0) reduces to the problem of finding the coefficients B k of Eq. (2.25). 
Giving the parameter s, which appears in this equation, p different values, we obtain a closed system of 
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l inear  a lgebraic  equations for the coefficients Bk: 
P 

Bkexp[--q~(0,*)]=l, ~l~(O,*)=~l(O*) for s=sr ( r = l . . . p ) .  
k = l  

For  the solvabili ty of sys tem (2.27) we requi re  a nonzero determinant  of this sys tem,  
alent to the requi rement  that the homogeneous integral equation 

j' C(0)exp (-- n) d0 + C~ exp (-- ~]i ) - -0  

has only the tr ivial  solution 

(2.27) 

which is equiv- 

(2.28) 

C (0) = 0, Cz = 0. (2.29) 

This requi rement  coincides with the well-known theorem of uniqueness of the solution of an integral  
equation. The kernel exp (--~1) does not have a s ingulari ty;  therefore ,  the sys tem of equations (2.27) al- 
ways has a unique solution. We assume that the coefficients Bk f rom sys tem (2.27) have been found and it 
now remains  to determine the coefficients Ci and C k . According to (2.24), some of the coefficients C k 

, 
equal the rat io B~/A0 k. The remaining C k and C i should be determined f rom Eqs. (2.23). Before calcu- 
lating these coefficients we must  determine their  number and the value of those angles 0 i that correspond 
to the coefficients Ci. To do this we must  pay attention to the order  of magnitude of Bk f rom (2.23) and 
(2.24). Since C k and Ci are  assumed to be finite, the coefficients B k f rom (2.23) have a finite value, and 
the coefficients Bk f rom (2.24) are  small  and their  magnitude depends on the step A0 k. Fur thermore ,  the 
number of finite Bk for a sufficiently small  step is independent of the magnitude of this step. Thus the 
number of coefficients Ci equals the number of coefficients Bk, assuming a finite value for sufficiently 
small  A0 k. Based on the index of the final value of Bk we find the corresponding interval of variat ion of 
the angle 0. The mean value of 8 in this interval can be taken equal to the value of the angle 0i. It re -  
mains for us to find Ci and Ci* f rom (2.23). 

We note that C i in (2.23) is a t e r m  that is independent of the step AOi, whereas the second t e rm de- 
pends on this step. In connection with this, we divide the interval [al, c~2] into small  parts  by two methods 
with steps AO~ and A0 k. Then the final quantities B~ and Bk, determined f rom sys tem (2.27) by two meth- 
ods, should have close values,  and the intervals  corresponding to them should have a common par t ,  Ac-  
cording to (2.23) for B~ and B[' we have the expressions 

C i exp [-- q (0~)1 -- el'  exp [-- 11 (0*')l AOl = B~ exp [-- ~l (0")], 

C~ exp [-- ~1 (0)I -- C*" exp [-- 11 (0"")] k02 = B; exp [-- • (0"")]. (2.30) 

In (2.30) we can take approximately 

c?" ~ c?', o?,.~ oF". (2.31) 

* the Taking the difference of the left and right sides of the two equations in (2.30), we obtain for C i 
express ion 

C* v (B~---B'~). (AOI ---A0';). (2.32) 

Eliminating Ci* f rom (2.23) using (2.32) and assuming 

0 i ~: 0", (2.33) 

for finding Ci we a r r ive  at the formula 

(-"L ~ B~ - C/*AOi. (2.34) 

It is obvious that the approximate equalities (2.31)-(2.34) with reduction in the part i t ion of the inter-  
val [c~1, ~2], when A0 i --* 0, in the limit, become exact equalities. In the real izat ion of the proposed nu- 
mer ica l  method for the coefficients Ci, the functions C(0) and the angles 0i, approximate values a re  found; 
however,  the solution (2.5) will exactly sat isfy the heat equation, and only the boundary condition on the 
fusion sur face  2 f rom (1.8) will be sat isf ied approximately.  

If in the integral  equation (2.15) the coefficients Ci and the angles 0 i a re  known, then the solution of 
this equation can be sought in the form of an expansion of C(0) in eigenfunctions of the kernel exp (--~). 
However, difficulties a r i se  in the proof of the convergence of this method owing to the semiboundedness 
of the region of the fused body. It is interest ing to note that the proposed method of solution of two-dimen- 
sional problems on the s teady-s ta te  reg ime of fusion of a body f rom the point of view of the numerical  
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rea l i za t ion  is cons iderab ly  s i m p l e r  than the solution of a s y s t e m  of o rd inary  f i r s t - o r d e r  different ia l  equa- 
tions for  solution of the uns teady one-d imens iona l  Stefan p rob l ems  [3, 4]. 

3. Ca r ry ing  out the s a m e  reasoning  as for  the plane case ,  we obtain for  the th ree -d imens iona l  
p rob l em a solution in the f o r m  

2z~ .%12 i=tni, n l=  ] 

U = U : ~ [ 1 - - 5  dq~ j' C(0, (p)exp(--~l)d0-- Z Z  C ' : exp ( - -~h ' ) - -  
0 ~ (rp) i ,  j = l  

9~ n.~ . rn2 ~ /2  

- - . f  ~ Cm exp (--~ls0) &P - -  Z S Co' exp (--  ~10,) d0],  
o S=l  i = l  ~ ( ~ p  ( 3 . 1 )  

~l(O, q))= V~ sinO(zsinO--xcosOcos(p--ycosOsineo), 
a 

~J  = ~1(0~, %), ~so = ~i(Os, ~), TIo~ = ~(0,  %). 

Let the fused body have a front  point through which the z 1 axis is drawn para l l e l  to the z axis .  We 
denote by r the curve  that is obtained for  in te r sec t ion  of the fusion su r face  with the ha l f -p lane  drawn 
through z 1 at an angle q) to the (xz) plane. Jus t  as in the plane p rob lem,  we p rove  he re  that the angle ~ (qD, 
which is the lower  l imi t  in the in tegra l s  (3.1), equals the l imit ing value of the angle between the tangent 
to F and the z 1 axis .  F u r t h e r m o r e ,  the solution (3.1) has p rope r t i e s  s i m i l a r  to the p rope r t i e s  AI-A 5 and 
B 1 in the plane p rob l em.  

In (3.1) the unknowns a r e  the functions C(0, ~0), Cj0(qo), and C0i(0), the coefficients Cij, and the angles 
0i, ~0j under  each summat ion  sign. We wri te  the equation of the fusion su r face  2 in p a r a m e t r i c  fo rm 

x=x(s i ,  s~), y = y ( s  i, s2), z=z ( s  i, s~). (3.2) 

Substitution of (3.2) and (3.1) into the boundary condition (1.8) leads to a Fredholm integral  equation 
of the f i r s t  kind in the unknowns C, Cj0, C0i, Cij, 0i, and qoj: 

2~ ~ /2  2aI n2 

j" d(p S C exp (--  ~l)dO -k j' Z C,o exp (--  qs0)dq0 ~- 
o (~ (q~) o 1~1 

m~ a12 i=m,. S=n, (3.3) 
q - Z  J" C~176 ~ C , , exp( - - , l i , )= l ,  a / 2 > ~ > 0 .  

i=1 cz (q~i) i, 1=I 

Detailed proofs  and the solution of the in tegra l  equation (3.3) will be given in a subsequent  paper .  In 
conclusion we p resen t  a solution of a p rob lem with axial  s y m m e t r y .  We introduce the notation 

x = r cos ~, y = r sin ~. (3.4) 

Then we obtain f rom (3.1) for  the var iab le  ~? 

Vo ~l = sin 0 [z sin 0 - -  r cos 0 cos ( 9 - -  ~)]. (3.5) 
a 

Substitution of (3.5) into (3.1) a f t e r  a number  of s impl i f ica t ions  leads to the solution of the p rob lem 
of the fusion of an a x i s y m m e t r i c  body 

~/2 

U = U = [ ' - -  S A(0)exp(--~h)I~ A*exp(--'h*)I~ ' 
Oo i = 1  (3.6) 

V o I/" o 
~h - -  z s i n  2 0 ,  ~1~ = - -  r sin 20. 

a 2a 
Here  the function I0(z) = J0(iz) is a Besse l  function of the f i r s t  kind of zero  o rde r  with an imaginary  a rgu-  
ment  [5]. The s imp le s t  solution of the p rob lem f rom (3.6) for  the fusion of a cone with apex angle 200 has 
the f o r m  

U 

(x, y, z) 

 =  EiAexp( v0 zsin200),0(vo )} - - - -  - -  r sin20 o . (3.7) 
a 2a 

N O T A T I O N  

is the t e m p e r a t u r e ;  
is the su r face  of the fused body; 
a r e  r ec tangu la r  Ca r t e s i an  coordinates ;  
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t 
q 
Q 
Vn 
n 
k 

P 
C 
a = k / c p  

V0 
U~ 
rM 
C1 and C z 

and,} 
S 

I,y and 4~ z 
6 (O) 

and fl 
J0(iY) 
0 

IS 

IS 

IS 

IS 

IS 

IS 

IS 

IS 

IS 

IS 

iS 

the t ime;  
the heat  flux supplied f rom the external  hot flow to the fused body; 
the latent  heat  of the phase  t r ans fo rma t ion ;  
the veloci ty  of the fused su r f ace  r.; 
the no rma l  to the su r face  2, d i rec ted  toward the solid phase;  
the t he rm a l  conductivity; 
the density;  
the spec i f ic  heat;  
the t h e r m a l  diffusivity;  
the velocity;  
the t e m p e r a t u r e  at points of the solid infinitely dis tant  f rom 2; 

is the shortest dis tance  from a point of the body to E; 
are the constants of integration; 
are the self-similar variables; 
is the parameter in the equation of the fusion surface; 
are the partial derivatives of the function @ with respect to y and z; 
is the generalized Dirac delta function; 
are the angles between the normal to the plane ~ = 0 and the x and y axes, respectively; 
is a Bessel function of the first kind of zero order with an imaginary argument; 
is the angle between the plane ~ = 0 and the z axis. 

1. 

2. 

3, 
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